assumes that if the material strength is greater than the applied stress, the component will not fail (i.e., the life will be infinite). (Stress is compared with strength by using the appropriate failure criteria, e.g., maximum shear stress, strain energy, distortion energy, or fatigue.) The deterministic method assumes that full and certain knowledge exists for the service conditions and the material strength. 
where X = (_ and X[3 = _13 (see Appendix A). Equation
(1) relates the probability of survival S and the fracture (or rupture) strength _. When In In (I/S) is used as the ordinate and In _ as the abscissa, fracture (and fatigue) data are assumed to plot as a straight line. The slope (tangent) of this line is referred to as the "Weibull slope" or "Weibull modulus"
usually designated by the letter e or m. The plot itself is referred to as a "Weibull plot."
By using a Weibull plot it becomes possible to estimate a cumulative distribution of an infinite population from an extremely small sample size. The Weibull slope is indicative of the dispersion of the data and its density (statistical) distribution. Weibull slopes of 1,2, and 3.57 are indicative of exponential, Raleigh, and normal (Gaussian) distributions, respectively. 7
The scatter in the data is inversely proportional to the Weibull slope. That is, the lower the value of the Weibull slope, the larger the scatter in the data and vice versa. The Weibull slope is also liable to statistical variation depending on the sample size (data base) making up the distribution. 8 The smaller the sample size, the greater the statistical variation in the slope. Weibull 4'5 related the material strength with the volume of the material subjected to stress. If we imagine the solid to be divided in an arbitrary manner into n volume elements, the probability of survival for the entire solid can be obtained by multiplying the individual survivabilities together as follows:
where the probability of failure F is
F=I-S
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Weibul145furtherrelatedtheprobability of survivalS, the material strength cL and the stressed volume V, according to the following relation:
For a given probability of survival S
From Eq. (6) for the same probability of survival the components with the larger stressed volume will have the lower strength (or shorter life 
where "t is the critical shear stress, N is the number of stress cycles to failure, and Z is the depth to the maximum critical shear stress in a concentrated (Hertzian) contact. From Eqs..(4) and (7) ] N L#J k#J LzJ
From Lundberg and Palmgren 12 (see Appendix B) the lives of individual stressed volumes at a given probability of survival are summarized as follows:
Equations
(1) to (4) and (7) to (9) 
From Eqs. (4) and (10) (11) 
By using Eqs. (12) and (13) In the aircraft engine these disks operated at speeds between 11 000 and 11 800 rpm. The disks'
in-flight operating temperatures were not reported. After removal at engine overhaul these disks were isothermally cyclic tested at a speed of 11 200 rpm in spin pits at the Naval Air Propulsion Center (NAPC). 22 A spin pit test cycle is shown in Fig. 2 would be expected to be 35 percent longer than those of disks B.
From Fig. 3 and Table 2 the L0. t and L10 lives of disks B were longer than those of disks A, but the reverse was true for the L50 life. Unfortunately, the number of data points for both disks A and B was not sufficient to provide statistical significance to the life differences, to the absolute life values, or to the failure distributions (Weibull slopes) shown in Fig. 3 .
Effect of Endurance (Fatigue) Limit
An endurance (fatigue) limit for a material suggests that where the stresses in the material are below this limit the life of that elemental volume will be infinite (i.e., the probability of survival is 100 percent).
If the entire structure has its stresses below this value, the structure would not be anticipated to fail from fatigue. From the literature 24 the estimated fatigue limit for the maximum shear stress "t45 for the titanium alloy used is 258.5 MPa (37.5 ksi). This value is derived from tensile loading fatigue tests.
Referring back to the FEA stress analysis in Fig. 5 , those elemental stressed volumes whose stresses are less than 258.5 MPa (37.5 ksi) were assigned a survival probability of 100 percent. The disk lives were recalculated accordingly.
These life results are summarized in Table 3 (a) with the experimental LI0 lives in Table 2 . Since disks A resulted in the shortest experimental life, they were used to benchmark the analysis. Thebulk operatingdisk temperature will alsoaffectlife. In general, compressor disk operating temperatures can approachor exceed649°C (1200°F). Thereare no availabledatafor the disk materialshowingthe effectof bulk temperature on fatiguelife.
Anothervariablenot considered andfor which informationwasnot availablewascompressive residualstresses present in thediskmaterial.Theseresidual stresses couldbepresent astheresultof eitherheattreatment or shotpeening. Accordingly,thecompressive residual stresses canreducethe effective shearstresses andthusincreaselife. Thesedataarealsonot available.
The effectsof temperature, thermalstresses, andresidualstresses on the accuracyof the life predictionsandthe determination of the material-lifefactorA may or may not be significant to the work reported herein. Since for approximately 15 to 20 percent of the time the disks were run at elevated temperatures in the engine, the value of A as it applies to ambient (room) temperature conditions may be too low. However, at elevated conditions the value of A may be to high.
The effect of residual stresses may be relatively the same at both room temperature and elevated temperatures. Thermal stresses were not present at room temperature in the spin pit tests. At ambient (room) temperature the residual stresses will increase life relative to the same material without residual stresses.
Crack Growth Life Prediction Method
The currently used analytical life prediction method is based on material crack propagation rates at the highest stress point in the structure. The time for an initial flaw size to reach a defined length or size determines the mean or average life of the structure. 
SUMMARY OF RESULTS
Two seriesof low-cycle-fatigue(LCF) testdatafor two differentgroupsof aircraft gasturbine enginecompressor diskswerereanalyzed andcomparedby usingWeibull statistics. Both groupsof disks,designated disksA anddisksB, weremanufactured froma titanium(Ti-6AI-4V) alloy.Tests hadbeenrunby theU.S.NavalAir Propulsion Center(NAPC).A probabilisticcomputer codebased on the methodsof ZaretskyandcalledProbableCausewasusedto predictdisk life andreliability. ProbableCause,which is a methodfor estimatinga component'sdesignsurvivability and life, incorporatesfinite-elementanalysisand probabilistic material-lifeproperties.The analysiswas normalizedto onesetof diskdatato obtaina material-lifefactorA applicable to the titanium alloy.
This material-life factor A was used with the computer code to predict disk life as a function of speed.
A comparison was made with a modified current life prediction method, which is based on crack growth rate. The following results were obtained:
1. A reasonable correlation was obtained between the disk lives predicted by using the computer code Probable Cause and those predicted by using a modified crack growth life prediction method.
Both methods sightly overpredicted the life tbr disks A and significantly underpredicted life for disks B.
A material-life
factor A based on disk fatigue data was determined for the titanium (Ti-6AI-4V) alloy and applied to predict disk life as a function of speed. 
where F(X) is the probability of an event (failure) occurring. Conversely, from the above the probability of an event not occurring (survival) can be written as
where F = F(X) and ( 1 -F) = S, the probability of survival.
If we have n independent components, each with a probability of the event (failure) not occurring being ( 1 -F), the probability of the event not occurring in the combined total of all components can be expressed from Eq. (A2b) as
Equation (A3) gives the appropriate mathematical expression for the principle of the weakest link in a chain or, more generally, for the size effect on failures in solids. As an example of the application of Eq. (A3), we assume a chain consisting of several links. Also, we assume that by testing we find the probability of failure F at any load X applied to a "single" link. If we want to find the probability of failure F, of a chain consisting of n links, we must assume that if one link has failed the whole chain fails. In other words, if any single part of a component fails, the whole component has failed.
Accordingly, the probability of nonfailure of the chain ( 1 -F,) , is equal to the probability of the simultaneous nonfailure of all the links. Thus,
Or, where the probabilities of failure (or survival) of each link are not necessarily equal (i.e., S]¢ S 2 ¢ S 3 _ ...), Eq. (A4b) can be expressed as
This is the same as Eq. (2) 
If cyt,, which is the location parameter, is assumed to be zero and V is normalized whereby In V is zero, Eq. (A8) can be written as (A9) Equation (A9) is identical to Eq. ( 1) of the main text.
The form of Eq. (A9) where o_, is assumed to be zero is referred to as "two-parameter Weibull."
Where _,, is not assumed to be zero, the form of the equation is referred to as "three-parameter Weibull."
The Weibull slope or modulus m, which is also designated by e, is the slope or tangent of the line when the equation is plotted on rectangular coordinates. where N is the number of cycles to failure.
Referring to the sketch of a Weibull plot in Fig. 9 , the slope m can be defined as follows: J. Propulsion and Power, Vol. 3, No. 1, 1987, pp. 76-83. 18 . Ioannides, E., and Harris, T.A., "A New Fatigue Life Model for Rolling Bearing," Trans. ASME.
J. Tribology, Vol. 107, No. 3, 1985, pp. 367-378. 19 . August, R., and Zaretsky, E.V., "Incorporating Finite Element Analysis Into Component Life and Reliability," Trans. ASME, J. Mechanical Design, Vol. 115, No. 4, 1993, pp. 706-710. 20 .__ a 2 Experimental life, L0.1 (from Table 3 
